Quantum expression of electrical conductivity from massless quark matter
  to hadron resonance gas in presence of magnetic field by Samanta, Subhasis et al.
ar
X
iv
:2
00
2.
04
43
4v
1 
 [n
uc
l-t
h]
  1
1 F
eb
 20
20
Quantum expression of electrical conductivity from massless quark matter to hadron
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We have gone through a numerical study of classical and quantum expressions of electrical con-
ductivity in presence of magnetic field for massless quark matter and hadron resonance gas. We have
attempted to sketch mainly the transition from classical to quantum estimations, along with two
other transitions - isotropic to anisotropic conductions and non-interacting to interacting picture of
quantum chromodynamics, which is mapped by massless case to hadron resonance gas calculations.
When we increase the magnetic field, interestingly, we have found that the classical to quantum
transition takes place first and then isotropic to anisotropic transition. Former transition might be
signaled by the enhancement of electrical conductivity, while latter transition can be understood
by standard differences between parallel and perpendicular conductions with respect to the applied
magnetic field.
PACS numbers:
I. INTRODUCTION
Quark gluon plasma (QGP) shows a number of inter-
esting phenomena in presence of magnetic field [1–5, 19].
The magnitude of magnetic field produced at RHIC for
Au-Au collisions at
√
s = 200 GeV is of the order of
1019 Gauss and for Pb-Pb collisions at LHC is of the
order eB ∼ 1020 Gauss. This is much larger than the
Λ2QCD, where ΛQCD ≈ 0.25 GeV is the strong interac-
tion scale. Comparing the magnitude of magnetic field
produced in colliders with the magnetic field produced in
neutron stars and magnetars, i.e 1014 − 1015 Gauss, the
value is very large.
This has an effect on the transport coefficients of QGP,
of which we discuss it’s effects on the electrical conduc-
tivity (σ). A large value of σ measured in heavy-ion colli-
sions(HIC) indicates that the magnetic field produced in
the early stages of the formation of QGP stays for a long
time and it has been well studied in [6] as an initial value
problem. The subsequent evolution of the strongly inter-
acting matter under these conditions has been covered in
Refs. [7–19].
Transport coefficients; shear viscosity [20–26], bulk
viscosity [27–31] and electrical conductivity [26, 33–36]
are all affected by magnetic field. Effect of magnetic field
on the electrical conductivity of QGP is profound, giving
it an anisotropic character, splitting it up into multiple
components instead of one. A particular observation of
this phenomenon is the observation of strong magnetic
field in neutron stars [36], where the magnetic field is of
the order of 1014 Gauss. Quantum effects come into play
beyond this value [32] and the motion of electrons suf-
fers Landau quantization in the plane perpendicular to
the magnetic field. In this context, the Landau quantiza-
tion of quark matter is an important topic to be studied,
which is attempted in present work. Refs. [33, 35] have
studied electrical conductivities of quark matter in pres-
ence of magnetic field in lowest Landau level approxima-
tion, which happens in strong field limit. In holographic
systems, conductivity in presence of magnetic field have
also been studied [20, 37–39].
In the present work we have attempted a compara-
tive numerical estimations of classical and quantum ex-
pressions of electrical conductivity, where transition from
classical to quantum picture are aimed to find for mass-
less quark matter. Same numerical sketch has been
done for hadron resonance gas (HRG) model calculations,
which can mapped interacting picture of quantum chro-
modynamics (QCD).
II. FORMALISM
A. Electrical conductivity calculation in presence
of magnetic field
Let us consider an electric field E = Exxˆ is applied
to a relativistic charged fermion/boson fluid, for which
a current density is obtained along the same direction
J = Jxxˆ. Hence, macroscopic Ohm’s law can be written
as
Jx = σxxEx , (1)
where σxx is the electrical conductivity. In microscopic
picture of dissipation, equilibrium distribution function
of fermion/boson,
f0 =
1
eβω ∓ 1 , (2)
undergoes a small deviation
δf ∝
(∂f0
∂ω
)
δf = −φ
(∂f0
∂ω
)
= −α(k·E)
(∂f0
∂ω
)
= α(kxEx)βf0(1 ∓ f0) , (3)
2and therefore, one can express (dissipative) current den-
sity as [36, 40]
Jx = ge˜
∫
d3k
(2pi)3
kx
ω
δf
=
[
ge˜β
∫
d3k
(2pi)3
k2x
ω
αf0(1∓ f0)
]
Ex , (4)
where g is the degeneracy factor (excluding charge-flavor
degeneracy), e˜ is electric charge and ω = {k2 +m2}1/2
is energy of fermion/boson. To find out the constant α,
we take help of relaxation time approximated- relativistic
Boltzmann equation (RTA-RBE),
−e˜E·∇kf0 = −δf/τc
⇒ δf = τce˜E· k
ω
[∂f0
∂ω
]
= τce˜Ex
(kx
ω
)
[βf0(1∓ f0)] , (5)
and then comparing Eq. (5) and (3), we get
α =
e˜τc
ω
. (6)
Using above α in Eq. (4) and then comparing with
Eq. (1), we get expression of electrical conductivity which
give rise to electric current in x direction as,
σxx = ge˜
2β
∫
d3k
(2pi)3
τc
k2x
ω2
f0(1∓ f0) . (7)
Next, we will proceed to derive the electrical conduc-
tivity in presence of magnetic field B = Bzˆ [36], where
the force term dkdt = −e˜(E + v × B) will be there in
RTA-RBE:
−e˜(E + k
ω
×B) · ∇kf0 = −δf
τc
−e˜(E + k
ω
×B) ·
(
k
ω
)∂f0
∂ω
=
−δf
τc
. (8)
It is because of vector identity (k×B)·k = B· (k×k) = 0,
the second term of the left hand side will be vanished, so
we consider the ∇k(δf) term also in RTA-RBE,
−e˜E ·
(
k
ω
)∂f0
∂ω
− e˜(k
ω
×B) · ∇k(δf) = −δf/τc , (9)
where we assume δf = −φ∂f0∂ω with φ = k · F . Now,
using the standard vector identity,
(
k
ω
×B) · ∇k(δf) = −(k
ω
×B) · ∇k(k · F )∂f0
∂ω
= −(k
ω
×B) · F )∂f0
∂ω
= −k
ω
· (B × F )∂f0
∂ω
, (10)
in Eq. (9), we will get
(
k
ω
)
·
[
− e˜E + e˜(B × F )
]
= k · F /τc . (11)
In general, we can consider
F = (Axxˆ+Az zˆ +Ay(xˆ× zˆ)), (12)
for which Eq. (11) becomes
τc
ω
[
− e˜Exˆ+ e˜Bzˆ ×
(
Axxˆ+Az zˆ −Ay yˆ
)]
=
(
Axxˆ+Az zˆ −Ay yˆ
)
(13)
Equating the coefficients of xˆ, zˆ and yˆ of Eq. (13), we get
Az = 0
Ax =
1
1 + (τc/τB)2
τc
ω
Ex
Ay =
τc/τB
1 + (τc/τB)2
τc
ω
Ex (14)
where τB = ω/(eB) is inverse of synchrotron frequency.
So, final form deviation becomes
δf = −k ·
{
− e˜τc
ω
(
xˆ+
τc
τB
yˆ
)} 1
1 + (τc/τB)2
∂f0
∂ω
= −e˜τc
(kx
ω
+
ky
ω
τc
τB
)
Ex
1
1 + (τc/τB)2
βf0(1− f0)
(15)
Now, using this δf in matrix form of Ohm’s law,
(
Jx
Jy
)
=
(
σxx σxy
σyx σyy
)(
Ex
0
)
(16)
one can obtain
σxx = ge˜
2β
∫
d3k
(2pi)3
τc
1
1 + (τc/τB)2
k2x
ω2
f0(1 ∓ f0)(17)
σyx = ge˜
2β
∫
d3k
(2pi)3
τc
τc/τB
1 + (τc/τB)2
k2y
ω2
f0(1 ∓ f0) ,
(18)
where ge˜2 = 2× 2× 3
(
4e2
9 +
e2
9 +
e2
9
)
= 8e2.
Similarly, σyy , σxy can be obtained by repeating same
calculation for E = Ey yˆ and they are related as σxx =
3σyy, σxy = −σyx. Longitudinal conductivity along z-axis
will remain unaffected by magnetic field and it will be
σzz = ge˜
2β
∫
d3k
(2pi)3
τc
k2z
ω2
f0(1 ∓ f0) . (19)
Now, this scenario will be changed in quantum descrip-
tion via Landau quantizations. The main modification
will be occurred in energy ω and phase space
∫
d3p by
the following replacements:
ω = (k2 +m2)1/2 → ωl = (p2z +m2 + 2l|e˜|B)1/2, (20)
2
∫
d3p
(2pi)3
→
∞∑
l=0
αl
|e˜|B
2pi
+∞∫
−∞
dpz
2pi
, (21)
where spin degeneracy 2 in left hand side of last line will be converted to αl, which will be 2 for all Landau levels l,
except lowest Lnadau level (LLL) l = 0, where αl = 1. In general, one can write αl = 2− δl,0. Here, we also assume
roughly, p2x ≈ p2y ≈ (
p2
x
+p2
y
2 ) =
2le˜B
2 , then conductivities can be expressed as
σxx = ge˜2β
∞∑
l=0
αl
|e˜|B
2pi
+∞∫
−∞
dpz
2pi
l|e˜|B
ω2l
τc
1
1 + (τc/τB)2
f0(ωl)[1− f0(ωl)]
σxy = ge˜2β
∞∑
l=0
αl
|e˜|B
2pi
+∞∫
−∞
dpz
2pi
l|e˜|B
ω2l
τc
τc/τB
1 + (τc/τB)2
f0(ωl)[1− f0(ωl)]
σzz = ge˜2β
∞∑
l=0
αl
|e˜|B
2pi
+∞∫
−∞
dpz
2pi
p2z
ω2l
τcf0(ωl)[1 − f0(ωl)] . (22)
B. Hardon resonance gas
Next, we go to the HRG model calculation and see
their transition from classical to quantum. Massless case
might be considered as non-interacting or Stefan Boltz-
mann (SB) limit type picture, while HRG calculation will
map the interacting picture. In the magnetic field pic-
ture, we can classified hadrons into
1. charged mesons (M), which are basically bososns,
2. charged baryons (B), which are basically fermions,
which will be summed finally. Neutral hadrons don’t
have any role in electrical conductivity. Hence, in HRG
model, the Eqs. (22) will be modified as
σxx =
∑
M
ge˜2β
( |e˜|B
2pi
) ∞∑
l=0
+∞∫
−∞
dpz
2pi
(l + 1/2)|e˜|B
ω2l
τc
1
1 + (τc/τB)2
f0(ωl)[1 + f0(ωl)]
+
∑
B
ge˜2β
( |e˜|B
2pi
) ∞∑
l=0
αl
+∞∫
−∞
dpz
2pi
l|e˜|B
ω2l
τc
1
1 + (τc/τB)2
f0(ωl)[1− f0(ωl)] (23)
σxy =
∑
M
ge˜2β
( |e˜|B
2pi
) ∞∑
l=0
+∞∫
−∞
dpz
2pi
(l + 1/2)|e˜|B
ω2l
τc
τc/τB
1 + (τc/τB)2
f0(ωl)[1 + f0(ωl)]
+
∑
B
ge˜2β
( |e˜|B
2pi
) ∞∑
l=0
αl
+∞∫
−∞
dpz
2pi
l|e˜|B
ω2l
τc
τc/τB
1 + (τc/τB)2
f0(ωl)[1− f0(ωl)] (24)
4Particle species Spin ωl αl
Baryon 1/2 ωl = (p
2
z +m
2 + 2l|e˜|B)1/2 2− δl0
Baryon 3/2 ωl = (p
2
z +m
2 + 2l|e˜|B)1/2 4− 2δl0 − δl1
Meson 0 ωl = (p
2
z +m
2 + (2l + 1)|e˜|B)1/2 1
Meson 1 ωl = (p
2
z +m
2 + (2l + 1)|e˜|B)1/2 3− δl0
TABLE I: Particles energy and degeneracy
σzz =
∑
M
ge˜2β
( |e˜|B
2pi
) ∞∑
l=0
+∞∫
−∞
dpz
2pi
p2z
ω2l
τcf0(ωl)[1 + f0(ωl)]
+
∑
B
ge˜2β
( |e˜|B
2pi
) ∞∑
l=0
αl
+∞∫
−∞
dpz
2pi
p2z
ω2l
τcf0(ωl)[1− f0(ωl)] . (25)
Here, ωl and αl denote energy and spin degeneracy of
hadrons in l Landau level. For different spin particles
expressions for energy and degeneracy are given in the
Table (I) [41, 42].
In classical picture (without considering Landau quan-
tization), above equations had simplified form:
σxx =
∑
M,B
ge˜2β
∫
d3k
(2pi)3
τc
k2
3ω2
f0(1± f0) (26)
σxy =
∑
M,B
ge˜2β
∫
d3k
(2pi)3
τc
τc/τB
1 + (τc/τB)2
k2
3ω2
f0(1 ± f0)
(27)
σzz =
∑
M,B
ge˜2β
∫
d3k
(2pi)3
τc
k2
3ω2
f0(1± f0) . (28)
III. RESULTS
Electrical conductivity in presence of magnetic field
can be splitted into multi components, which can be clas-
sified into three directions - (1) one is σzz , along the
direction of magnetic field, (2) another is σxx, along x-
direction, which is perpendicular to the magnetic field
and (3) third one is σxy, along xy-direction, interpreted
as Hall conductivity. Similar to σxx and σxy, there will
be σyy and σyx, when we apply electric field along y-axis.
So in general, we can denote σ⊥ for σxx or σyy and σ×
for σxy or σyx. The σzz is parallel to the direction of
magnetic field, so it can be denoted as σ‖.
Now according classical expressions, given in Eqs. (17),
(18), (19), one can roughly express
σ⊥ ∝ τc 1
1 + (τc/τB)2
σ× ∝ τc (τc/τB)
1 + (τc/τB)2
σ‖ ∝ τc . (29)
Since Lorentz force does not work along the direction
of B, so σ‖ is exactly equal to without magnetic field
conductivity σ. Now, at B = 0 or τB → ∞, there
will be no Hall conductivity (σ× → 0) and isotropic
conduction is obtained in medium (σ⊥ = σ‖ = σ or
σxx = σyy = σzz = σ). This isotropic nature with-
out Hall conduction is expected in (magnetic) field-free
medium. When magnetic field is applied to the medium,
we will get a non-zero B or τB , which make σ⊥ reduce
from its isotropic value σ. Since σ‖ remain still equal
with its isotropic value σ, so an inequality between par-
allel and perpendicular components of electrical conduc-
tivity is established and medium goes from its isotropic
to anisotropic properties. This inequality σ = σ‖ > σ⊥
is coming from the inequality τc > τc/[1 + (τc/τB)
2],
whose connection is roughly expressed in Eq. (29). We
may call A⊥ = 1/[1 + (τc/τB)
2] as anisotropic factor
for perpendicular component, for which σ⊥ will decrease
with B. This classical expectation is shown by blue
solid, black dash-dotted and green dash-double dotted
lines (stand for different temperature) in Fig. 1(a). The
results are generated for 3 flavor massless quarks with
ge˜2 = 12 × 6e29 = 8e2 and τc = 1 fm. If we can roughly
take out A⊥ from integration of Eq. (17), then we can
write
σ⊥(T,B) = A⊥(T,B)
ge˜2
18
τcT
2 , (30)
where anisotropic factor can have an analytic T , B de-
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FIG. 1: Magnetic field B (a) and temperature T (b)
dependence of electrical conductivity along x-axis using
classical and quantum relation.
pendent form, if we take average values of magnetic time
scale τB =
7ζ(4)
2ζ(3)
3T
eB . On the other hand, σ‖ will remain
unaffected by B and its analytic expression will be
σ‖ =
ge˜2
18
τcT
2 . (31)
Fig. 2(a) has shown the blue horizontal line, indicating
σ‖/(τcT
2) is independent of both T and B. These classi-
cal expectation of σ⊥,‖ are well explored in Ref. [26] but
present work is focus on their quantum aspect, mainly
Landau quantization. In some sense, classical expres-
sions of σ⊥,‖,×, given in Eqs.(17), (18) and (19), are semi-
classical as they carry Fermi-Dirac distribution function
instead of Maxwell-Boltzmann distribution. Now, using
the Landau quantization of energy of quarks, we can get
a modified expressions of σ⊥,‖, given in Eqs. (22). Due
to field quantization, area of perpendicular momentum
space can be expressed in terms of eB, so a direct pro-
portional relation σ‖ ∝ eB is established along with some
additional functional dependence of eB, which enters
through (massless) quark energy ωl = (p
2
z + 2l|e˜|B)1/2.
According to proportional relation σ‖ ∝ eB, one can ex-
pect a vanishing σ‖ at eB = 0, which is basically classical
zone, where quantum expressions (22) should not be ap-
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FIG. 2: Magnetic field B (a) and temperature T (b)
dependence of electrical conductivity along z-axis using
classical and quantum relation.
plied. Field quantization is not at all relevant in low B
zone, rather it is more visible in high B zone. Therefore,
we can trust on classical values of σ⊥,‖ for low B zone
but their quantum estimation will be trust-able for high
B zone. So low to high B is pushing the medium behavior
from classical to quantum in nature. Along with B, T is
an another parameter, which also decide about classical
and quantum nature of the medium and a general expec-
tation is that low temperature is more quantum and high
temperature is more classical in nature. Hence, grossly,
we can expect quantum behavior of medium in low T
and high B domain, while classical expectation will be
in high T and low B domain. This fact is roughly dis-
playing through σ‖/(τcT
2) vs B plots in Fig. (2), where
we notice that quantum curves are crossing the classi-
cal horizontal line at larger values of B for larger T .
For example, below the crossing point eB = 0.27m2pi for
T = 400 MeV classical value of σ‖/(τcT
2) might be con-
sidered but for T = 200 MeV, quantum values might be
still important upto eB = 0.06m2pi. For RHIC or LHC
matter, eB ≥ m2pi might be enough to consider quantum
theory, as medium temperature remain within 120− 400
MeV. Hence, quantum extension of electrical conductiv-
ity for massless quark matter, associated with RHIC or
6LHC phenomenology, is quite important. According to
Fig. 2(b), enhanced longitudinal conductivity can be ob-
tained within RHIC/LHC parameters T = 120 − 400
MeV, eB = 5 − 15m2pi and this enhancement increases
as T decreases and/or B increases.
When we try to see this classical to quantum transition
through σ⊥ components, then an additional
le˜BA⊥(T,B) ≈ le˜B
1 +
(
τc
2ζ(3)
7ζ(4)
eB
3T
)2 (32)
dependence will modify the pattern. At high B, the ad-
ditional component will follow ∝ 1e˜B dependence, which
will be canceled out by ∝ e˜B dependence, coming from
the area of perpendicular momentum space. So at high
B, a saturation tendency of σ⊥/(τcT
2) is expected. It
is roughly observed for different T in Fig. 1(a). From
compilation of Fig. 1(a) and (b), we can say roughly the
domain of T ∼ 200− 400 MeV and eB = 10− 15m2pi can
face the crossing between classical and quantum curves
of σ⊥/(τcT
2) but T ≤ 120 MeV and eB ≤ 5m2pi domain
don’t exhibit any crossing. Due to rich T , B depen-
dence of σ⊥/(τcT
2), the exact transition from classical
to quantum picture might be difficult but one can get a
gross visualization by imposing the simple expectation -
classical picture in low B, high T and quantum picture
in high B, low T .
Next, let us continue HRG model calculations with the
help of classical version expressions, given in Eqs. (26),
(27), (28) and quantum version expressions, given in
Eqs. (23), (24), (25). At µ = 0, Hall conductivity σ× of
entire HRG system having equal number opposite charge
particles will be zero. So only σ⊥ and σ‖ components are
our matter of interest. Fig. 3(a) and (b) show B and T
dependence of classical and quantum curves of σ⊥ and
σ‖ in HRG model calculation. We notice that in low
B, classical values of σ⊥ and σ‖ are same, which indi-
cates isotropic properties of medium and at high B, σ⊥
is becoming lower than σ‖, which represents anisotropic
conduction. Now, when we goes to quantum estimations
of σ⊥ and σ‖, then we find their enhanced values with re-
spect to classical data. Similar to classical case, two con-
ductivity components are splitted after a certain values of
B. Hence, for quantum picture also, visible anisotropy is
build at high B and low B might be approximately called
as isotropic conduction zone. We have plotted B-axis in
log scale to zoom in few interesting facts. One is that
the enhanced quantum values of σ⊥ and σ‖ will be lower
than their classical values below eB . 10−3m2pi. This
is expected because of their ∝ eB dependence, which
is well discussed for massless case. Another interesting
thing is that both curves are again splitted in low B
range (eB . 10−2m2pi). This splitting is coming because
of two different type of B-dependent function, which is
zooming in high B range eB > m2pi as well as low B
range (eB < 10−2m2pi). However, the splitting of low B
range might not be focused seriously as this is the zone
of classical expressions, where quantum expressions are
10-4
10-3
10-2
10-1
10-4 10-3 10-2 10-1 100 101
τc = 1 fm, T = 0.15 GeV
eB/mpi
2
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2
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Classical: σZZ/(τc T2)
Quantum: σZZ/(τc T2)
FIG. 3: Magnetic field B (a) and temperature T (b)
dependence of electrical conductivity for HRG system
along x and z-axis using classical and quantum relation.
not at all valid. So, we conclude grossly an enhancement
of electrical conductivity when we transit from classical
to quantum picture. We start from B = 0 with isotropic
conduction (σ⊥ = σ‖) and then increasing the B, around
eB ∼ 10−3-10−2m2pi might be sufficient to transit from
classical isotropic (roughly) value to quantum isotropic
(roughly) value and then beyond eB ∼ m2pi, anisotropic
conduction will start, but surely we should consider the
quantum curves instead of classical one.
IV. SUMMARY
In summary, we have explored comparative estima-
tions of classical and quantum expressions of electrical
conductivity in presence of magnetic field. First, we
have obtained the massless case results for quark gluon
plasma, where gluon definitely will not take part in elec-
trical conduction, and then for interacting QCD results,
we have adopted HRG model calculations. With respect
to magnetic field three will be three components of con-
ductions - parallel, perpendicular and Hall components.
At zero quark/baryon chemical potential, medium carry
equal number of opposite electrical charges, so Hall con-
7ditions will be disappeared but one can definitely find a
non-zero Hall conductions in dense matter with non-zero
quark/baryon chemical potential. In classical and quan-
tum both picture, parallel and perpendicular conductiv-
ity become different when external magnetic field will be
applied. Hence, from low to high magnetic field, isotropic
to anisotropic conductions is established in both picture.
From standard knowledge of Landau quantization, we
can grossly marked low magnetic field as classical domain
and high magnetic field as quantum domain. Hence, from
low to high magnetic shifting might be considered as clas-
sical to quantum transition. In both massless case and
HRG system, we have found an enhancement in quantum
calculation with respect to classical values. Interestingly,
we have found that classical to quantum transition take
place first and then isotropic to anisotropic transition,
when we increase the magnetic field.
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